Our result could also be obtained using Stein's result and interpolating; our contribution is that the proof is simpler, and some of the hypotheses have been removed.
We turn to a discussion of maximal functions in Section 3. The main instrument of this section, and perhaps the major idea of this paper, is the observation that certain maximal functions can be controlled pointwise by the sum of another, more easily handled, maximal function and an integral of the form where By using the estimates for Liu of Section 1, we can give a quick new proof of the maximal theorem for semigroups . We obtain estimates for maximal functions associated to the wave equation in a similar fashion.
We conclude this presentation of our results by drawing the reader's attention to a recent paper of N. Th. Varopoulos [V] , in which Littlewood-Paley theory is treated using probabilistic techniques. Varopoulos considers semigroups which satisfy additional hypotheses (essentially those of E. M. Stein [St 31 ) and proves a weaker multiplier theorem than Stein or the present author-essentially, his m must be holomorphic in T, rather than I ? , , ,
to give LP-boundedness for all p in (1, m): However, he does obtain some H1-estimates. It might be worthwhile to examine the H1-theory with our methods. This paper is a refined version of results obtained while I was visiting Washington University in St. Louis. It is a pleasure to acknowledge the contribu-tions of R. R. Coifman and G. Weiss, who explained their work to me, asked very many pertinent questions, and otherwise encouraged, aided and abetted me. My sincerest thanks go to both of them. The final write-up was prepared while I was enjoying the hospitality of the University of New South Wales, to which I express my gratitude. Finally, thanks to M. Cristina, for her own special contribution.
Multiplier results
Throughout this section, we assume that the spectral projection Po onto the kernel of L is trivial on LP(M) ( p < oo); then, in discussion of multiplier operators, it is not necessary to worry about the definition of m(0).It should be pointed out that if such a kernel exists, it causes no problems: for since Po is a contraction. We shall enunciate and prove theorems without repeating the hypotheses on L and ePtLmade early in the introduction; these hypotheses are to be understood.
A plan of this section may be useful. Theorem 2, proved using transference, is the first multiplier result, involving functions which are bounded and holomorphic in cones I?+, with + > ~/ 2 . Lemma 1is a technical tool, used for deducing Theorems 3 and 3 bis from Theorem 2. These theorems deal with functions which are bounded and holomorphic in cones I?+, with + 5 77/2; they are proved using complex interpolation. Corollary 1is a particular multiplier result which is useful for the next section, concerning the operators LiU.It is noteworthy that Stein [St 31 considers them explicitly several times. (weak-star continuous if q = oo), still denoted m ( L ) , of norm at most C.
Consequentlym(L ) extends uniquely to a bounded operator on L4( M )

Proof:
The distribution @ is defined as follows:
We now transfer @ to prove the theorem (see [CW] (especially pp. 18-24) and [CRWI). We form the operator which is bounded on Lq(M), by the results of Coifman and Weiss, and which is exactly m( L) by spectral theory.
For use later, we state a corollary. 
Then @ is described by the formula, to be interpreted appropriately, Estimates of I I I @ * I I I,, the operator norm of convolution with @ on L4(R), are easily obtained using standard techniques (see, for example, 111.2 of the announcement [Co] ), and from these it follows that, if 1< q < m, then By Theorem 1, the same estimate holds for I I I LiuI I I,, the operator norm of Liuon L4(M). However, spectral theory implies that 11 I Liu1I2 = 1. By the Riesz-Thorin
If I u 1 5p + ( p -we take q equal t o p , while if I u I> p + ( p -I)-', we choose q on the same side of 2 as p and such that q + ( q -I)-' = 1 u 1 . The estimate then follows immediately.
Our next theorem develops the transference theme.
THEOREM 2. Suppose that m is a bounded holomorphicfunction in the cone I?,, where?r/2 < + S T . Then, if 1< q < GO,
where
being an absolute constant.
Proof: Let @ be the distribution on R such that Since m extends analytically to I?,, @ must be supported in R + U (0). Next, if
, then the circle C with centre iv and radius T is contained in I?,+, provided that
If X lies within this circle, then Cauchy's formula holds:
this implies immediately that
) . Therefore 6 satisfies the Mikhlin-Hiirmandercondition, and so, if 1< q < oo and f E L4(R), then l @ * f ll, 5 c1[q + (q -1)-']llmllwcosec(+ -n/2)11f I,, C, being an absolute constant (see e.g. [HI, Sec. 2).
Theorem 1now implies the result.
Before we prove the next multiplier theorem, it will be convenient to establish a technical result. This lemma is certainly not new. It is clearly related to results of J. L. Clerc and E. M. Stein [CS] , and of J. L. Clerc [Cl] . We shall first introduce some more notation. If 0 < + < P, then SJ,is the following strip in the complex plane: LEMMA 1. Suppose that n is a bounded holomorphic function in S,. Then there exists a family {ng:[ = 5 + iq, q E R, 5 E (0, T)) of functions with the following properties: a) ng is 'holomorphic in St, and bounded in St-, for any small positive E ; moreouer sup{(n y ( z )I : z E st-,} 5 C2I1 n 11 C2 being an absolute constant; b) n+ = n; c) For any x in R, [ + = ng(x) is holomorphic.
Proof: We define ngby requiring that
The properties of ngare easily established by Fourier analysis.
THEOREM 3.
Suppose that m is a bounded holomorphicfunction in the cone I?+, where 0 < + 5 a/2. Then the following estimate holds, provided that
where C, being an absolute constant.
Proof: Let n be the bounded holomorphic function in S+ given by the formula:
and let (ng)be the family of functions of Lemma 1. Let (mg) be the family of functions defined by the formula We shall apply Stein's complex interpolation theorem ([St 11) to the operators mg (L) . In order to obtain the estimate enunciated for a given p, it suffices to take E equal to ($/T -I l / p -1/2 I), and then to put 6 equal to 77/2 + E, 5, equal to ~/ 2 + 2&, and [, equal to e3.
An easy corollary of the above theorem, or of the above techniques, is the following extension of Stein's "universal multiplier theorem" ([St 31, Corollary 3 on p. 121), which corresponds to the case where + = ~/ 2 . THEOREM 3 bis. Suppose that m is a holomorphic finction in the cone r+, where 0 < rC/ 5 ~/ 2 , and that m is bounded in all cones r+, where 6 < rC/ . Then m(L) extends to a bounded operator on LP(M), whenever ( l / p -1/2 ( <+/T. Proof: If I l / p -1/2 1 < #/T, then there exists 4 such that 1 I/P -112 I< 6 /< rC//n.
Theorem 3 applies to the function m restricted to I ? , .
Miscellany
In this section, we cite some known results on semigroups, which will be useful in the final section, and state a technical lemma, The initial theme is "new semigroups from old", and we discuss, very briefly, subordination and analytic continuation of semigroups (Theorem 4). In Lemma 2, we give some explicit Mellin transfohns and estimates for these. Finally, we state the Hopf-DunfordSchwartz ergodic theorem for semigroups (Theorem 5).
Subordination of semigroups is treated by S. Bochner [B] where
Moreover, the operator-valued function z + T, is analytic in T., and weak operator topology continuous on F+.
We continue our farrago of results with some explicit calculations, summarised in the following lemma. The constants C, and C(6) are independent of 1 9 in [-.n/2,.n/2].
Proof: The Fourier transforms are calculated using complex analysis; the growth estimates follow from the theory of the I'-function (see, e.g., E. C.
Titchmarsh [TI, p. 151).
We conclude this section by recalling the Hopf-Dunford-Schwartz maximal theorem ([DS], Chap. VIII), which we state in simplified form for easy reference. A. de la Torre has given a proof of this theorem using transference; Coifman and Weiss [CW] give his proof in Chapter 4 of their monograph. 
Maximal functions
This section presents a new technique for dealing with maximal functions, and gives some applications of this to the pointwise convergence of T,f to f as t + 0, and to the wave equation.
The key idea of this paper is elementary. Suppose that (As)sES and (B,),,,, are families of operators on LP(M), and that 
THEOREM 7.
Suppose that p E (1,co) 
